Abstract Entropy generation for the steady two-dimensional laminar forced convection flow and heat transfer of an incompressible Jeffrey non-Newtonian fluid over a linearly stretching, impermeable and isothermal sheet is numerically investigated. The governing differential equations of continuity, momentum and energy are transformed using suitable similarity transformations to two nonlinear coupled ordinary differential equations (ODEs). Then the ODEs are solved by applying the numerical implicit Keller's box method. The effects of various parameters of the flow and heat transfer including Deborah number, ratio of relaxation to retardation times, Prandtl number, Eckert number, Reynolds number and Brinkman number on dimensionless velocity, temperature and entropy generation number profiles are analyzed. The results reveal that the entropy generation number increases with the increase of Deborah number while the increase of ratio of relaxation to retardation times causes the entropy generation number to reduce. A comparative study of the numerical results with the results from an exact solution for the dimensionless velocity gradient at the sheet surface is also performed. The comparison shows excellent agreement within 0.05% error.
Introduction
The area of non-Newtonian fluid flow and heat transfer has been given much attention in the last few years. For instance, Molla and Yao [1] investigated mixed convection heat transfer of non-Newtonian fluids over a flat plate using a modified power-law viscosity model. They solved the boundary layer equations by marching from the leading edge downstream and presented the numerical results for a shear-thinning fluid in terms of velocity and temperature distribution. Hayat et al. [2] studied the magneto-hydrodynamic (MHD) flow of a Jeffery fluid in a porous channel. They constructed series solutions to the nonlinear problem by using the homotopy analysis method (HAM). Sahoo [3] considered the flow and heat transfer of a non-Newtonian third grade fluid due to a linearly stretching plate with partial slip. He adopted a second order numerical scheme to solve the differential equations and obtained the combined effects of the partial slip and the third grade fluid parameter on velocity and temperature fields. Prasad et al. [4] considered the steady viscous incompressible two-dimensional MHD flow of an electrically conducting power law fluid over a vertical stretching sheet. They assumed the stretching of surface velocity and the prescribed surface temperature to vary linearly with the distance from the slit and solved the boundary layer equations by Keller's box method. Hayat et al. [5] investigated the three-dimensional flow of Jeffrey fluid over a linearly stretching surface and solved the nonlinear coupled system of governing equations using a homotopy analysis method. Hayat et al. [6] studied the unsteady boundary layer flow and heat transfer of an incompressible Jeffrey fluid over a linearly stretching sheet. They obtained the analytical solutions of the arising differential system by homotopy analysis technique. Khan et al. [7] presented a mathematical model for unsteady stagnation point flow of a linear viscoelastic fluid bounded by a stretching/shrinking sheet. They solved the resulting nonlinear problems by a homotopy analysis approach. Malik et al. [8] considered the Jeffrey fluid flow with a pressure-dependent viscosity. They numerically solved two types of flow problem, namely, Poiseulle flow and Couette flow for the Jeffrey fluid. Hayat et al. [9] examined the flow and heat transfer of an incompressible Jeffery fluid over a stretching surface with power law heat flux and heat source in the presence of thermal radiation. They developed homotopic solutions for velocity and temperature fields. Hayat et al. [10] investigated the boundary layer stretched flow and heat transfer of a Jeffrey fluid subject to convective boundary conditions. They solved the governing dimensionless equations by using the homotopy analysis approach. They analyzed the influence of embedded parameters and found that the temperature is an increasing function of the Biot number. Turkyilmazoglu and Pop [11] investigated the flow and heat transfer of a Jeffrey fluid near the stagnation point over a stretching/shrinking sheet with a parallel external flow. They indicated that structure of the analytical solutions strongly depends on a parameter measuring the ratio of strength of the external flow to surface stretching/shrinking. Goyal and Bhargava [12] analyzed the effect of velocity slip on the MHD flow and heat transfer of nonNewtonian nanofluid over a stretching sheet with a heat source/sink. They also considered the Brownian motion and thermophoresis effects and solved the differential equations by the variational finite element method. Qasim [13] studied the combined effects of heat and mass transfer in Jeffrey fluid over a stretching sheet in the presence of heat source/sink. 
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They derived exact solutions by power series method using Kummer's confluent hyper-geometric functions and examined the effects of emerging parameters on velocity, temperature and concentration profiles. Nadeem et al. [14] numerically studied the steady 2-D flow of a Jeffrey fluid over a linearly stretching sheet in the presence of nanoparticles.
In the last decade, many researchers have studied the entropy generation in fluid flow and heat transfer over surfaces. Aiboud and Saouli [15] presented the application of second law analysis of thermodynamics to viscoelastic magneto-hydrodynamic (MHD) flow over a stretching surface. They analytically obtained the velocity and temperature profiles using the Kummer's functions and computed the entropy generation number. Makinde [16] analyzed the inherent irreversibility in hydromagnetic boundary layer flow of variable viscosity fluid over a semi-infinite flat plate under the influence of thermal radiation and Newtonian heating. Using local similarity solution technique and shooting quadrature, he numerically obtained the velocity, temperature and entropy generation number. Dehsara et al. [17] numerically analyzed entropy generation for the magneto-hydrodynamic (MHD) mixed convection flow over a nonlinear stretching inclined transparent plate embedded in a porous medium due to solar radiation. Butt et al. [18] discussed the boundary layer flow and heat transfer analysis of a second grade fluid over a stretching sheet through a porous medium and investigated the effect of viscoelasticity on entropy generation using the Homotopy analysis method (HAM). Butt et al. [19] reported the effects of velocity slip on entropy generation in the boundary layer flow over a vertical surface with convective boundary condition. They numerically solved the governing equations using the shooting method and presented expressions for the entropy generation number and Bejan number. Malvandi et al. [20] analytically studied the steady two-dimensional boundary layer flow over an isothermal flat plate by homotopy perturbation method (HPM) and analyzed the entropy generation inside the boundary layer. Galanis and Rashidi [21] studied the entropy generation in non-Newtonian fluids due to heat transfer in entrance region of ducts. Butt et al. [22] made an investigation on entropy generation within a steady laminar mixed convective MHD flow of a viscoelastic fluid over a stretching sheet. They solved the governing equations using the homotopy analysis method and obtained expressions for local entropy generation number, Bejan number, and average Bejan number. Butt and Ali [23] analyzed the effects of entropy generation in MHD flow over a permeable stretching sheet embedded in a porous medium in the presence of viscous dissipation. They obtained analytical solutions of momentum and energy equations in terms of Kummer's functions and computed the entropy generation number and Bejan number. Noghrehabadi et al. [24] analyzed the boundary layer heat transfer and entropy generation of a nanofluid over an isothermal linearly stretching sheet with heat generation/absorption. They took into account the development of nanoparticles concentration gradient due to slip and the effects of Brownian motion and thermophoresis. Dehsara et al. [25] investigated the entropy generation of MHD mixed convection flow of nanofluid over a nonlinear stretching inclined transparent plate embedded in a porous medium. Using a numerical algorithm, they solved the governing equations, in the presence of the effects of viscous dissipation, variable magnetic field and solar radiation. More literature survey makes it clear that the entropy generation has not been investigated for the flow and heat transfer of a Jeffrey non-Newtonian fluid over a stretching surface.
The purpose of the present study was to venture further in the area of entropy generation for the steady two-dimensional laminar flow of a Jeffrey fluid over a linearly stretching sheet. To the best of the author's knowledge, the investigation of entropy generation for the steady flow of Jeffrey fluid over a linearly stretching sheet is presented for the first time in the present study. The boundary layer flow and heat transfer equations are transformed using the similarity transformations to a system of two nonlinear ordinary differential equations which are then solved by using Keller's box method. Various profiles of dimensionless velocity, temperature and entropy generation number are plotted and the effects of various parameters such as Deborah number, ratio of relaxation to retardation times, Prandtl number, Reynolds number and Brinkman number on velocity, temperature and entropy generation number are analyzed.
Mathematical formulation
The steady two-dimensional laminar flow of a non-Newtonian fluid over a flat horizontal sheet is considered. The non-Newtonian fluid is considered to be an incompressible viscous Jeffrey fluid. The sheet is assumed to be linearly stretching, isothermal and impermeable. The viscous dissipation effect is also taken into consideration. The governing equations including mass, momentum and energy conservations are as follows:
where u and v are the velocity components in x and y directions respectively, t is the kinematic viscosity of the fluid, a is the thermal diffusivity of the fluid, C p is the specific heat at constant pressure of the fluid, k is the ratio of relaxation to retardation times, and k 1 is the relaxation time. The boundary conditions are as follows:
where u w is the velocity by which the sheet is being stretched, a is the stretching rate of sheet which is a constant with dimension of (time) À1 , and finally T w and T 1 are the temperature of isothermal sheet and the free-stream temperature respectively.
The following similarity transformations are used to transform the boundary layer flow and heat transfer equations to nonlinear ODEs:
; fðgÞ ¼ Àm
where g and f are the similarity variable and the dimensionless stream-function respectively. f 0 and h are the dimensionless velocity and dimensionless temperature as well. The continuity equation is directly satisfied as:
where w is the stream-function. Using the similarity transformations of Eq. (6), Eqs. (1)- (3) are transformed to:
where b = ak 1 is Deborah number, Pr = lC p /k is Prandtl number and
is the Eckert number. The transformed boundary conditions are as follows:
The parameters of engineering interest are the local skin friction coefficient and the local Nusselt number, which are defined as follows:
Re
where Re x = u w AEx/t is the local Reynolds number. The exact solution for the dimensionless velocity, using Eq. (7) with boundary conditions of Eq. (9), is as follows [6] :
where the second derivative of the exact solution for dimensionless velocity is f 00 (g) = Àme Àmg which gives the dimensionless velocity gradient at the sheet surface using the exact solution to be f 00 (0)_exact = -m.
Entropy generation analysis
The local entropy generation rate per unit volume for the Jeffrey fluid is as follows:
where the first term on the right-hand side of Eq. (13) is the entropy generation due to heat transfer, and the second term is the entropy generation due to viscous dissipation and Jeffrey fluid effect. In order to define the dimensionless entropy generation number, a characteristic entropy generation rate (S gen ) 0 is defined as follows:
Thus, the dimensionless entropy generation number is defined as the ratio of local volumetric entropy generation rate to the characteristic entropy generation rate:
Therefore, the dimensionless entropy generation number is obtained as follows:
where Re, Br and X are the Reynolds number, the Brinkman number and the dimensionless temperature difference which are defined as:
Numerical method of solution
The numerical finite-difference implicit Keller's box method is used to solve Eqs. (7) and (8) with the boundary conditions of Eq. (9). To apply the method, the nonlinear ODEs (7) (8) are first transformed to a system of first order ODEs. Then, using backward finite differences, the difference equations are obtained. In order to linearize the problem, the Newton's method of linearization is employed [26] . Afterward, by the use of a block-three diagonal matrix algorithm, the system of linearized difference equations is iteratively solved. The step size of Dg = 0.05 and the convergence criterion of 10 À4 is applied to take into account the boundary layer effect.
Results and discussion
Boundary layer flow and heat transfer of a Jeffrey fluid over a linearly stretching sheet is considered. The governing equations are transformed to two nonlinear ODEs and then solved using a numerical implicit finite-difference Keller's box algorithm. Table 1 compares values of dimensionless velocity gradient of fluid at the sheet surface f 00 (0) using the numerical solution of the present paper with the exact solution [6] for various values of the physical parameters b and k. It is seen that the numerical values of f 00 (0) are in excellent agreement within a relative error of 0.05% with the ones from the exact solution of Eq. (12) . It is also observed that f 00 (0) increases with the increase of Deborah number b for a constant value of k. It may also be seen that, at the constant value of b = 0.2, the dimensionless velocity gradient at sheet surface f 00 (0) reduces with an increase in the ratio of relaxation to retardation times k. Table 2 shows the values of dimensionless local skin friction group C f,x Re x 0.5 for various values of physical parameters b and k using Eq. (10) and the numerical values of f 00 (0) from Table 1 . For a constant b, it can be observed that C f,x Re x 0.5 increases with the increase of k. With the increase of the ratio of relaxation to retardation time k, due to the augmentation of relaxation duration of the non-Newtonian fluid, the velocity of the fluid near the sheet surface declines. Hence the thickness of hydrodynamic boundary layer increases which causes the local skin friction coefficient to increase. It is also observable that, at a constant k, C f,x Re x 0.5 reduces with increase of b. The reason is that the increase of the Deborah number b leads to a higher motion of fluid particles inside the boundary layer, especially in the vicinity of the sheet surface. Thus the velocity boundary layer thickness lessens which results in lower values of skin friction coefficient. Table 3 presents the numerical values of dimensionless local Nusselt group Àh'(0) = Nu x Re x À0.5 for various values of the physical parameters k, b, Pr and Ec. It can be seen that, in the case of the absence of viscous dissipation (i.e. Ec = 0), Nu x Re x À0.5 decreases for the higher values of k. Nevertheless, for a nonzero Eckert number, Nu x Re x À0.5 increases with the increase of k. This different trend of variation for the Nusselt number with k can be attributed to the thermal boundary layer thickness. In the case of the absence of viscous dissipation (i.e. Ec = 0), the increase of ratio of relaxation to retardation times k adds to the thickness of thermal boundary layer, and, as a result, the Nusselt number reduces. However, in the case of the presence of viscous dissipation, the increase of thermal boundary layer thickness due to increase of k cannot overcome the reduction of boundary layer thickness caused by viscous dissipation. Thus the thickness of the thermal boundary layer reduces and consequently the dimensionless Nusselt group rises. The variation of Nu x Re x À0.5 with Deborah number b is observed to be exactly opposite of that of k. The Nu increases with the increase of b in no-viscous-dissipation case (i.e. Ec = 0) while it reduces with increase of b in viscous-dissipation-present case (i.e. Ec > 0). The dimensionless Nusselt group Nu x Re x À0.5 is also observed to augment with the increase of Prandtl number when Ec = 0, but it is decreased with a rise in Pr when Ec > 0. It is finally seen that the increase of Ec causes Nu x Re x À0.5 to quickly diminish when the other physical parameters are kept constant. Fig. 1 shows the variation of the dimensionless velocity gradient at the sheet surface f 00 (0) with the Deborah number b for k = 0.2. The solid line indicates the numerical solution of the present study while the black circles indicate the exact solution (i.e. Eq. (12)). It is seen that an excellent agreement between the numerical solution of the present study and the exact solution is obtained. It can also be seen that f 00 (0) increases with the increase of the Deborah number b. The variation of f 00 (0) with the ratio of relaxation to retardation times k is demonstrated in Fig. 2 for b = 0.2. Here again a very good agreement is observed between the numerical and exact solutions. It is also revealed that the fluid dimensionless velocity at the sheet surface f 00 (0) reduces with the increase of k. Fig. 3 shows the dimensionless velocity profiles f 0 (g) for various values of the Deborah number b for k = 0.2. It can be observed that the increase of the Deborah number b causes the fluid velocity inside the boundary layer to increase. Since the Deborah number is proportional to the stretching rate of the sheet (b = ak 1 ), the increase of Deborah number results in a higher fluid motion in the boundary layer especially adjacent the surface of sheet. This higher fluid motion increases the thickness of the hydrodynamic boundary layer and consequently raises the fluid velocity. Fig. 4 illustrates the dimensionless velocity profiles f 0 (g) for several values of k when b = 0.2. It is seen that the increase of k causes the reduction of boundary layer velocity of fluid. The physical parameter k is inversely proportional to the retardation time of the nonNewtonian fluid. Hence, an increase in k means a decrease in fluid retardation time which in effect prevents the hastening of fluid motion. As a result, the thickness of velocity boundary layer diminishes and the velocity of the fluid is increased. Fig. 5 shows the dimensionless temperature profiles h(g) for various values of the Deborah number b for k = 0.2, Ec = 1.0, Pr = 1.0. It is observable that, in the vicinity of the sheet surface, the temperature slightly boosts with the increase of b. However, it can be said the Deborah number b does not have much effect on the temperature at some distance from the sheet inside the boundary layer. The increase of temperature by an increase in b in sheet surface vicinity Table 1 Values of f 00 (0) for various values of the physical parameters using the present numerical solution and the exact solution [6] . may be a reason of vaster motions of the fluid particles which in effect thicken the thermal boundary layer. These motions result in a slight temperature increase for fluid near the sheet surface because the highest temperature difference between the free-stream and the boundary layer occurs at the sheet surface. However, further from the sheet surface inside the boundary layer, there is not much temperature difference for the fluid in a point inside the boundary layer and another point outside the boundary layer. away from the sheet inside the boundary layer, k has a small effect on temperature, such that the temperature slightly increases with the increase of k.
The effect of variation of Eckert number on temperature profile is illustrated in Fig. 7 for b = 0.2, k = 0.2, Pr = 1.0. It is viewed that the Ec variation vastly influences the fluid temperature inside the boundary layer such that the higher the Ec, the greater the temperature. It is also seen that, for Ec values higher than Ec = 2, the dimensional temperature at the close vicinity of sheet goes above the sheet surface temperature T w . It is seen from its definition that the Eckert number is directly proportional to the square of stretching velocity of the sheet, (u w ) 2 . Hence, an increase in Ec means a great increase in the stretching rate of the sheet, and thus a large augmentation in motion of fluid particles near the sheet, which in effect increases the temperature of the fluid, especially at the sheet close vicinity. Fig. 8 shows the temperature profiles h(g) for various values of Pr in b = 0.2, k = 0.2, Ec = 1.0. It can be observed that the increase of Prandtl number causes the fluid temperature to reduce, while the temperature reduction is more pronounced at distances further away from the sheet in the boundary layer domain. An increase in Pr is equivalent with a decrease in the thermal diffusion of fluid layers resulting in a thinner thermal boundary layer and lower temperature. Fig. 9 shows the dimensionless entropy generation number profiles N S (g) for various values of Deborah number b, when k = 0.2, Ec = 1.0, Pr = 1.0, Re = 500, BrX À1 = 10. It is revealed that the increase of Deborah number causes the dimensionless entropy generation number to boost. The reason is that the increase of Deborah number leads to higher motion of fluid particles inside the boundary layer. Higher motion of fluid particles itself can significantly increase the thickness of velocity boundary layer and so elevate fluid velocity. Higher motion of fluid particles can also make the thermal boundary layer slightly thicker and consequently promote the temperature. Thus the accumulated effects of velocity and temperature due to the b augmentation cause the increase of the entropy generation number. Fig. 10 demonstrates the dimensionless entropy generation number profiles N S (g) for various values of k, for b = 0.2, Ec = 1.0, Pr = 1.0, Re = 500, BrX À1 = 10. It can be observed that higher values of k lead to lower values of N S . The increase of N S with an increase in the ratio of relaxation to retardation times k is due to the fact that the velocity inside the boundary layer increases with an increase in k, as observed in Fig. 4 . However, it should be mentioned that a very low reduction in temperature with the increase of k (Fig. 6) is not able to neutralize the velocity effect, and hence the entropy generation number increases. It is seen that the entropy generation number is slightly higher for larger values of Eckert number in distances far enough from the sheet in the boundary layer domain. This result is due to the effect of Eckert number on temperature (Fig. 7) in which the increase of Eckert number leads to the increase of temperature gradients. However, it can be said that the variation of Ec does not considerably influence N S . For instance, when the Eckert number increases from 1.0 to 2.0, entropy generation number rises from the value of 780.85 to 797.66 which is a 2.15% increase in N S for 100% increase in Ec. The dimensionless entropy generation number profiles N S (g) for various values of Pr at b = 0.2, k = 0.2, Ec = 1.0, Re = 500, BrX À1 = 10 are shown in Fig. 12 . It is observed that N S presents a very small increase with the increase of Pr, for distances not very close to or not too far from the sheet in vertical direction. Nevertheless, it can be concluded that Prandtl number variations do not have much effect on the entropy generation number values. It is observed that the entropy generation number varies from 816.34 to 839.79 when the Prandtl number increases from 1.5 to 2. This is an increase of 8.5% in N S due to an increase of 100% in Pr. Fig. 13 illustrates entropy generation number profiles N S (g) for various values of Brinkman number Br while b = 0.2, k = 0.2, Ec = 1.0, Pr = 1.0, Re = 500, X À1 = 10. It should be mentioned that the Brinkman number determines the relative importance of viscous effect. It is seen that the higher the Br values, the higher the N S , although this outcome is more observable in the sheet surface vicinity (i.e. g < 1.5). This augmentation in N S with the Br increase is due to the fact that for higher values of Br, the entropy generation number due to the fluid friction is higher. It should also be noticed that the entropy generation effects are more prominent near the sheet surface. These effects reduce as the distance from the surface of the sheet increases. Since the Brinkman number is directly proportional to the square of sheet stretching velocity, on the surface of the sheet (g = 0) the dimensionless entropy generation number is higher for larger values of Br. The stretching velocity of the sheet also influences the fluid near the surface of sheet such that the fluid accelerates and the entropy generation number is increased. It can also be seen that for Br P 0.04 the N S values decrease by getting further in distance from the sheet (i.e. increase of g). However, for Br 6 0.02 with the increase of g the entropy generation number experiences an initial increase and then a slow reduction toward the distances far from the sheet.
In Fig. 14 , the N S (g) profiles for various values of the Reynolds number when b = 0.2, k = 0.2, Ec = 1.0, Pr = 1.0, BrX À1 = 10 are given. It is seen that increasing the Reynolds number boosts the values of the entropy generation number. The increase of the Reynolds number augments the contribution of entropy generation number due to fluid friction and heat transfer inside the boundary layer. The reason is that the increase of the Reynolds number disturbs the fluid, and thus chaotic movements appear inside the fluid. With the increase of the Reynolds number, the inertia forces of the flow over the sheet are increased while the viscous forces are reduced. Hence, the fluid on the sheet is more accelerated and the resistance on the flow due to the sheet friction is diminished which consequently hoists the values of the entropy generation number. It is observed that the value of N S at g = 1 increases from 156.17 to 780.86 when Re is increased from 100 to 500 which shows that the increase of Reynolds number by 100% causes the increase of entropy generation number by 80%. It can also be seen that with the increase of similarity variable (g) (i.e. going along the longitudinal direction of sheet) at a constant Reynolds number, the entropy generation number decreases monotonically.
Conclusions
The steady 2-D flow of a Jeffrey non-Newtonian incompressible fluid over a flat horizontal sheet is considered where the sheet is assumed to be an isothermal linearly stretching one. The boundary layer equations are transformed by using similarity transformations to two nonlinear ODEs and then solved using a numerical technique called Keller's box. The effects of various flow and thermal parameters, namely, Deborah number, ratio of relaxation time to retardation time, Prandtl number, Brinkman number and Reynolds number on velocity, temperature and entropy generation number are investigated. The results obtained are as follows:
(1) The dimensionless fluid velocity inside the boundary layer boosts with the increase of the Deborah number, while with the increase of the ratio of relaxation to retardation times the dimensionless fluid velocity reduces. (2) With the increase of both Deborah number and the ratio of relaxation to retardation times, the dimensionless temperature of fluid inside thermal boundary layer slightly increases. (3) The entropy generation number increases with the increase of Deborah number. However, the entropy generation number reduces with the increase of the ratio of relaxation to retardation times. (4) Both the increase in Brinkman number and the increase in Reynolds number cause the increase of entropy generation number, and this increase in entropy generation number is more pronounced in adjacent of the sheet surface.
